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explanation given to them and the method of finding and proving them. 
Nor will this method, so far as I can see, while making them intelligible 
and bringing them within the easy comprehension of all persons, put 
the learner in any position of disadvantage in reference to the higher 
and more difficult questions that he must encounter in his further pur- 
suit of knowledge or in the practical appHcations of it to the various 
purposes of life. 



ON THE DIFFERENTIAL EQUATIONS OF DYNAMICS. 



BY G. W. HILI.. 

The general formula of dynamics is 



■(„5?-x)..+ (45_Y).,+ («4;-z).; 



= o. 



In the usual treatment of this equation, we have been asked to attribute 
to the symbols bx, hy, dz, &c., the signification they have in the calculus 
of vai-iations. This however is unnecessar}', except when we wish to 
deduce from it the principle of least action; and the student, unac- 
quainted with this calculus, may regard these symbols as multipliers, 
which, when all the points of the system are free, have any finite values 
we please, but when the coordinates are restrieted to satisfy an equa- 
tion U = o, are subject to the condition 

4- ^^ + '^y- dy+'^dz-\- &c. = o, 
dx ay az 

an equation which, for brevity, we shall write (?U = o. 

We shall confine our attention to those cases in which the equations 
of condition and the accelerating forces are functions of the coordinates 
and the time only, and in which the latter are equivalent to the partial 
differential coefficients of a single function Q taken with respect to the 
coordinates whose acceleration they express. 

Whenever a function as U involves, in addition to x, y, z^ &c., their 
first differential coefficients with respect to the time, quantities which we 
shall denote by x', y', z', &c., we shall suppose that d\J involves, besides 
the terms written above, the following 
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dx' ay' dz' 

Moreover as we shall have to difterentiate such functions as S\5 with 
respect to t^ we shall meet with such quantities as ---'y, and shall sup- 
pose that the order of the symbols d and (? may be inverted, that is, we 
shall have equations such as 

dbx <j dx p, J 

~dt. '~ dt ~ '^ ' 

The reader will see in this only a notational assumption, without quan- 
titative significance, serving merely as machinery of demonstration. It 
will be noted that t \s n variable not subject to the operation d. 
We have 

2'(X^A- ■+- Ydy + Zdz) = dii, 
and for convenience may put 

idx^ , dv^ , dz^ 



, V, I ax' , av , az' \ rr-, 



Then it will readily be perceived that the general formula can be writ- 
ten thus 

The coordinates x, y, z, &c., can be expressed as functions of the time 
and certain variables qi, independent of each other and whose number is 
equal to that of the variables x, y, z, &c. diminished by the number of 
equations of condition. Substituting for x, y, z, &c. their values in 
terms of the new variables ^,:, it is plain that the last equation will take 
the following form, 

^^.l\:P,8g,-S{T + iJ) = o. 

We can find the value of ^(, without actually making the substitution, 

from this consideration; since the original equation contains only the 

(IX d'V d?' 
variations 8x, hy, dz, &c. without the variations 8-^, d--;- d -~ &c., it fol- 

dt at at 
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lows that, in its transformed state, it should contain only the variations 

doi without the variations 8-4^. 

at 

Then writing ^/ for -2i-, the coefficient of ^^/ should vanish in the 
equation 

^{^^^i + Pi^<!i) - ^(T + ii) = o. 
That is, since Q does not contain ^/, 

Thus the general formula becomes 

Because in this equation the variables qi are independent, we may 
equate the coefficient of each dqi to zero. Thus 

d dT _ d{T + i?) _^ 
dt 'dql dqi 

This is Lagrange's canonical form of the differential equations of motion. 
A simpler form may be obtained by substituting the variables fi for 
ql. By adding to and subtracting from the general formula, the term 
^■^ifiqi\ and writing 

H = Iif,qi) - T - i^, 
it becomes 



^■'(?p<'--'Ipa) + *"=°- 



Equating the coefficients of each variation bq^ and bfi to zero gives the 
equations 

dfi ^_dY{ d9i_^<i^ 

dt dqi ' dt dpi ' 

which are known as Hamilton's canonical form. 

The expression for H can take a simpler shape. From the value of 
T, it is evident that a certain part of it is independent of the variables qi, 



— 203- 

which may be denoted by Tg, another part Tj, involves the first pow- 
ers, and a third Tj involves the squares and products of the same; then 
T = T|, -f T-^ -If- T,^. By the theory of homogeneous functions 

27^,^/)= >vg|^.')=T, + 2T,. 



Hence, writing 



H = T^ -- //. 



GEOMETRICAL PROBLEM. 



BY T. P STOWELL, ROCHESTER, N, Y. 

In any triangle whose angles are all known, as also the distances 
from the three angles to any point either within or without the triangle, 
the sides may be found as follows: 

Let ABC be the triangle, and P a point 
whose distances PA, PB and PC are giv- 
en; revolve the triangle APC over the 
side AC, P will be at F; and APB re- 
volved over AB, P will be at D; also BPC 
revolved over BC, P will be at E; then 
join DE, EF and FD. 

The A AFD is known, having two equal 
sides, AF and AD, and the included angle 
DAF double the angle BAC. Hence DF 
is known. Similarly FE and DE are 
known, and therefore all the angles of the A DEF are known. Conse- 
quently Z APC = AFD -h DFE + CFE, and therefore the sides AC, 
AB and BC are easily found. This question admits of an easy geo- 
metrical construction. 




